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Single-objective vs Multi-Objective
Optimization
n In real problems in Engineering, solving a problem is not enough; 

the solution of the problem must be the best solution possible. In 
other words, it is necessary to find the optimal solution.

n The solution is the best possible solution because in the real world, 
this problem may have certain constraints by which the solutions 
found may be feasible, that is, they can be implemented in practice 
and, unfeasible or that they cannot be implemented.

n Some of these problems in engineering can be MOP (Multi-
Objective Optimization Problem)..



Single-objective vs Multi-Objective
Optimization
n A general MOP includes a set of n parameters (decision variables), 

a set of k objective functions and a set of m restrictions.

n Then the MOP can be expressed as: 

Optimize Y = F(X) = (f1(X), f2(X), ... , fk(X))
Subject to        E(X) = (e1(X), e2(X), ... , em(X)) ≤ 0
Where X = (x1, x2, ... , xn) Ɛ X

Y = (y1, y2, ... , yk) Ɛ Y
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Opción 1 2 3 4 5 6 7 8 9 10 

Cost ($) 600 550 500 450 400 300 250 200 150 100 

Time (Hours) 1 2 3 4 5 6 8 10 14 16 
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Single-objective vs Multi-Objective
Optimization
Minimize f(x) = (f1(x), f2(x))
Suject to f1(x) = x2,

f2(x) = (x - 2)2

Datos a través del Modelo Analítico mediante pesos
Valores Optimos

x w1 w2 f1 f2 f
0 0 1 4 0 0

1,8 0,1 0,9 3,24 0,04 0,36
1,6 0,2 0,8 2,56 0,16 0,64
1,4 0,3 0,7 1,96 0,36 0,84
1,2 0,4 0,6 1,44 0,64 0,96

1 0,5 0,5 1 1 1
1,2 0,6 0,4 0,64 1,44 0,96
1,4 0,7 0,3 0,36 1,96 0,84
1,6 0,8 0,2 0,16 2,56 0,64
1,8 0,9 0,1 3,24 0,04 2,92
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Single-objective vs Multi-Objective
Optimization
Minimize f(x) = (f1(x), f2(x))
Suject to f1(x) = x2,

f2(x) = (x - 2)2

Procedimiento GA( )
Inicio
t = 0 /* empezar con un tiempo inicial */
InicializarPoblacion P (t) /* inicializar una población de individuos   
generados al azar */
Evaluate P (t) /* evaluar el fitness de todos los individuos de la 
población inicial */
Mientras no se cumpla el criterio de parada 

t = t + 1 /* incrementar el contador de tiempo */
P’ = SeleccionarPadres P (t) /* seleccionar una  

poblacion para generar  descendientes */
Recombinar P’ (t) /* recombinar los “genes” del 

grupo de padres seleccionados */
Mutar P’ (t) /* perturbar la población generada de 

manera estocástica */
Evaluar P’ (t) /* calcular fitness de la población 

recién creada */
P = Sobrevivientes P, P’ (t)/* Seleccionar  

sobrevivientes para la siguiente generación */
Fin Mientras
Fin

Algoritmo genético básico
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Path 1 è Hops = 2 & Delay = 10

Single-objective vs Multi-Objective
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Single-objective vs Multi-Objective
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Single-objective vs Multi-Objective
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Path 2 è Hops = 3 & Delay = 9
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Path 1 è Hops = 2 & Delay = 10

Single-objective vs Multi-Objective
Optimization

Path 2 è Hops = 3 & Delay = 9
Path 3 è Hops = 4 & Delay = 8
Path 4 è Hops = 5 & Delay = 7
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Path 1 è Hops = 2 & Delay = 10

Single-objective vs Multi-Objective
Optimization

Path 2 è Hops = 3 & Delay = 9
Path 3 è Hops = 4 & Delay = 8
Path 4 è Hops = 5 & Delay = 7
Path 5 è Hops = 6 & Delay = 20
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Single-objective vs Multi-Objective
Optimization

Convergence towards optimal



Single-objective vs Multi-Objective
Optimization

Solution in Non-Convexity
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Global Optimum
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Traditional Methods - Weighted Sum

Optimize [Minimize / Maximize] 
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Traditional Methods - Weighted Sum

Optimize [Minimize / Maximize] 

 å
=

=
n

i
ii XfrXF

1

' )(*)(    

Subject to 
 H(X) = 0  

G(X) ≥ 0  
0 ≤ ri ≤ 1, i = {1, .., n} 

 1
1

=å
=

n

i
ir  

f2

f1

L1
L2

P1

P2



Traditional Methods - Weighted Sum
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Traditional Methods - Weighted Sum
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Traditional Methods - Weighted Sum
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Traditional Methods - ε-Constraint

Minimize fh(x)
Suject to fj(x)≤∊j

gi(x) ≥ 0
hk(x) = 0
x Є Xf



Traditional Methods - Weighted Metrics

( ) ( )

( )
( ) 0

0

/1

1

*

=

³

÷
÷
ø

ö
ç
ç
è

æ
-= å

=

xh

xg
SA

zxfwxlMin

k

j

pM

m

p
mmmp



Traditional Methods - Benson
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Multi-Objective Evolutionary Algorithms
Cross Over Operator



Multi-Objective Evolutionary Algorithms
Mutation Operator



Multi-Objective Evolutionary Algorithms
Cromosome
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Multi-Objective Evolutionary Algorithms
Cromosome
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Multi-Objective Evolutionary Algorithms
Cross Over Operator

Chromosomes
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Multi-Objective Evolutionary Algorithms
Cross Over Operator
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Multi-Objective Evolutionary Algorithms
Mutation Operator
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Multi-Objective Evolutionary Algorithms
Mutation Operator
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Multi-Objective Evolutionary Algorithms
Algorithms

n VEGA – Vector Evaluated Genetic Algorithm
n VOES – Vector-Optimized Evolution Strategy
n WBGA – Weight-Based Genetic Algorithm
n RWGA – Random Weighted Genetic Algorithm
n MOGA – Multiple Objective Genetic Algorithm
n NSGA – Non-Dominated Sorting Genetic Algorithm
n NPGA – Niched-Pareto Genetic Algorithm
n Predator-Prey Evolution Strategy

MOEA No Elitimns



Multi-Objective Evolutionary Algorithms
Algorithms

Elitims MOEA

n Rudolph’s Elitist Multi-Objective Evolutionary Algorithm
n NSGA-II – Elitist Non-Dominated Soroting Genetic Algorithm
n DPGA – Distance-Based Pareto Genetic Algorithm
n SPEA – Strength Pareto Evolutionary Algorithm
n Thermodynamical Genetic Algorithm
n PAES – Pareto-Archived Evolution Strategy
n MOMGA – Multi-Objective Messy Genetic Algorithm



Multi-Objective Evolutionary Algorithms
Algorithms

SPEA

Begin
Generate initial population P randomly.  Make P feasible according to constrains
Generation G = 1
WHILE G < Gmax

Calculate objective values for every solution in P
Find non-dominated solutions in P
Incorporate non-dominated solutions of P to P’
IF number of solutions in P’ exceeds maximum number allowed

Purge P’ using clustering
End IF
Calculate fitness for every solution in P and P’
Apply selection to P + P’
Apply cross over and mutation to generate new population P
Make P feasible according to constrains
G = G + 1

End WHILE
Print results in output file

End
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SPEA



Multi-Objective Evolutionary Algorithms
Algorithms

Simulated Annealing

Simulated_Annealing(T0,α,L,Tf)
T <- T0
Sact <- Generar_solución_inicial()
While T ≥ Tf

For cont: 1 to L(T)
Scand <- Seleccionar_solución_N(Sact)
δ <- costo(Scand)-costo(Sact)
If (U(0,1) < e(-δ/T)) or (δ < 0) Then
Scand <- Sact

End_If
End_For
T <- α(T)

End_While



Multi-Objective Evolutionary Algorithms
Algorithms

Ant Colony
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! Ideal set of non-dominated Solutions
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! Good convergence but poor distribution



Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Convergence poor but good distribution



Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Algorithm A with better solutions than B

A
B



Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Algorithms A and B are difficult to compare

A
B
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! Generation Vector Non-Dominated (GVND)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Ratio Generation Vector Non-Dominated (RGVND)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Generation Real of Vector Non-Dominated (GRVND)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Error Ratio (E)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Generational Distance (G)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Spacing (S)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Spread (Δ)
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Multi-Objective Evolutionary Algorithms
MultiObjective Metrics

! Maximum Spread (D)
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Conclusions

• Many real-world problems in engineering are multi-objective. On the 
other hand, there are various algorithmic techniques to solve these 
problems. 

• In this Keynote, I presented both approach the problem in mathematical 
form and mathematical and numerical techniques to solve them and 
finally 

• With evolutionary algorithms to optimally solve these problems in 
polynomial time complexity.
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